Scalar hadrons in AdS^ x S 5 . 
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A holographic model is presented, which allows to describe scalar hadrons with an arbitrary 
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I. INTRODUCTION. 



II. THE HOLOGRAPHIC MODEL. 
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The recent realization of the holographic principle as 
an AdS/CFT correspondence has provided a new theo- 
retical tool for dealing with strong coupling gauge the- 
ories. To the traditional models based on lattice calcu- 
lations, quark potential models, bag models, and oth- 
ers, now we have at our disposal phcnomcnological QCD 
models based on this correspondence. Although QCD is 
certainly not a conformal field theory, it approaches the 
conformal limit in the ultraviolet, and therefore the holo- 
graphic description should be valid. On the other hand, 
confinement can be simulated by imposing appropriate 
boundary conditions in the holographic variable z [l| . In 
the Hard Wall model, a sharp cutoff is imposed. More- 
over, confinement can also be introduced by modifying 
the metric in order to mimic a confinement potential 0, 
in which case a soft cutoff is introduced through a dilaton 
field 3 (Soft Wall model). 

The mass spectra predicted by the Hard Wall model 
has the form M ~ I at high angular momenta I, which 
differs from the quadratic dependence M 2 ~ I, expected 
within Reggc phenomenology. The correct Regge behav- 
ior can be obtained by introducing a dilaton, which allows 
to retain the conformal metric and in practice introduces 
a soft cutoff that depends on the dilaton ip. So the usual 
procedure is to begin with 



S = J dt-xdzy/ge-vWc. 



(1) 



The Hard Wall model corresponds to a constant dila- 
ton in the region z < Aq^, tending to infinity for z > 

Aq C£) . The introduction of a soft cutoff avoids the ap- 
pearance of ambiguities in the choice of boundary condi- 
tions. A convenient and usual choice is f(z) = Az 2 @, [3]; 
which is consistent with the usual Regge behavior. 

These models have been used to describe spectra of 
glueballs (scalars {E [E@] and vectors Q), mesons [1,0, 
[fllH and baryons getting satisfactory results, but the 
hadronic spectra should also contain exotic hadrons, like 
tetraquarks, pentaquarks and hybrids, which in general 
have not been included in holographic models. Here we 
will consider a model which in principle is able to describe 
these hadrons. 



We consider a scalar field with mass in an AdS$ x S 5 
space with a dilaton field, whose action is given by 

S = J d 10 xVGe~^ 1 [G MN d M 4>d N 4> + m 2 2 ] . (2) 

Here the M,N indexes are divided in ^, v, which corre- 
spond to AdSz coordinates and run over to 4, and i,j 
indexes that run over 5 to 9, and which arc the com- 
pact space S 5 coordinates. The ten dimensional space 
considered is described by the metric 



ds 2 = 



R 



(■q^dx^dx") + R 2 Q, i jdy i dy j , 



(3) 



where rj^ = diag{\, —I, —I, —1, —1), R is the radius for 
the AdS§ and S 5 space and flij is the metric for an uni- 
tary sphere in five dimensions. Beginning with @, the 
equation for (£>(x,y) is 



Ge-vW dx M 



(VGe^G MN 



dx N 



m 2 (j> = 0. (4) 



Using 4>{x, y) = (f>(x)Y(y) it is possible to get an equa- 
tion for the AdS part, namely 



\JgAdse v( ' ox^ ox" 



m 5 4> = 0, 



where we have used 



m 2 + A 2 



(5) 
(6) 



which is the mass of the scalar field in AdS 5 and A 2 i? 2 
k(k + 4). Notice that the reduction of S 5 induces an 
additional mass term that depends on n, which is an 
integer. 

Let us consider a mode propagating in the bulk, with 
the form 



<j>{x) 



-iP-X 



(7) 



where \ corresponds to coordinates in four dimensional 
space and P 2 = M 2 . Using in |5]| we obtain an equa- 
tion which can be used in order to obtain the hadronic 
spectra, 

[z 2 d 2 - ((d- l)z + z 2 d zV {z))d z + M 2 z 2 - m 2 5 R 2 ]f(z) = 0. 

(8) 
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written in a general form for an AdS space with (d + 1) 
dimensions. 

For d=4, the conformal dimension for scalar fields is 

A = 2 + ^4 + m 2 R 2 . (9) 

in AdS§ x S 5 . Notice that depends of k and m. Let 
us see what happens in the QCD side, where the quark 
field (denoted by Q) has dimension 3/2, gluons (denoted 
by G) have dimension 2, and the operator that gives one 
unit of angular momentum has dimension f . In this case, 
all O operators that describe hadrons have dimension 

[O] = A + I (10) 

where Ao corresponds to the contribution of the con- 
stituents to the dimension of the operator, and the 
derivatives, each with dimension one, give a total con- 
tribution 1 to (flO]), The AdS / CFT correspondence 
tells us that operators with dimension [O] in a confor- 
mal field theory, are related with fields with dimension 
A in AdS§ x S* 5 . This in practice provides a mapping 
between k and the angular momentum Z, which is just 
phcnomcnological. 

Of all possible cases in ([5]), only some of them will be 
related to operators of the conformal theory. To be more 
precise, only some values for m 2 R 2 will be of interest to 
us, and the selection of these values is give by solving the 
equation formed using © and (fTT)|) , 

2 + yJi + mlR 2 = A + /, (11) 

and then 

m2i? 2 = (A + Z-4)(A + 0- (12) 

In other words, only Klein - Gordon fields in AdS 5 x S* 5 
that satisfy (| 1 2[) can be used to describe scalar operators 
for the field theory. With the previous value for m 2 R 2 , 
equation jS]) can be expressed as 

[z 2 dl-((d-l)z + z 2 dMz))d z 

+ M 2 z 2 - (Ao + 1 - 4)(l + Ao)]/(z) = 0. (13) 

Notice that for 1=0 the conformal dimensions are re- 
lated to the number of valence constituents, then equa- 
tion (fT3"|) could be used to study different kind of scalar 
hadrons using different values to Ao, or in other words 
choosing different values for m\R 2 according to (fT2")) . 
Since the conformal symmetry is actually broken, there 
is a running coupling constant [1, [H, [l(| EH and then R 
can change too, and therefore here we consider it a pa- 
rameter, contributing to changes in A. Moreover, m 2 R 2 
is finite, and then there must exist a maximum value for 
delta, ie the number of the valence constituent in hadrons 
is bound. Table 1 shows different values for Ao, includ- 
ing the number of quarks (antiquarks) and gluons in a 
hadron described by AdS modes. 

With this framework it is possible to study the spec- 
troscopy obtained using Hard Wall and Soft Wall models 
applied to hadrons. 



TABLE I: Relation between constituents in a hadron and the 
conformal dimension. We consider hadrons with n quarks 
(and/or antiquarks) and m gluons. 
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(4Q)(2G) 



III. SPECTRA OF SCALAR HADRONS IN A 
HARD WALL MODEL. 

A. Hard Wall model 

In this case equation (|13[) can be expressed as 

[z 2 d 2 -3zd z +M 2 z 2 -(A + l-4)(l + A )}f(z) = 0, (14) 

the normalizable solutions are 

f{z) = z 2 J a (Mz), (15) 

where a = a/4 + (A + I - 4)(Z + A ). 

The values for M are obtained using the condition 
f(zo) = 0, where zr> = -j— ^ — . Thus, if the n-th zero 
of J a (z) is Pa,n, the mass is |5j 

M a . n = PcJiljgln, (16) 

where the index n is related to the different radial exci- 
tations. 

In Hard Wall models Aqcd usually depends on the in- 
dex n (|16p , because otherwise radial excitations are badly 
described pj, and therefore it is necessary to consider a 
different Aqcd for each level. This can be corrected by 
demanding good Regge behavior for radial excitations, 
as we will see below. 

For mesons we use Aqcd = 0.263 GeV, and for glue- 
balls this parameter is fixed by considering that in the 
lattice the lightest glucball has a mass of 1.61 GeV [HI], 
which gives Aqcd = 0.313 GeV for scalar glueballs. The 
results are shown in Fig 1, where one can see that for 
small I, exempting the pion, the agreement with data is 
quite good. 



Since there is no experimental data for exotic hadrons 
or hybrids, it is not possible to fix Aqcd, and therefore 
we will use both a minimum and maximum values for this 
parameter ( 0.1 GeV and 0.3 GeV). Then we get a range 
of mass values for exotics and hybrid hadrons, presented 
in Table 2 for / = 0. 
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FIG. 1: Spectra for states with different angular momenta. 
(A) mesons y (B) scalar glueballs. 



TABLE II: Range of values for the mass in GeV of hadrons 
with n quarks and/or antiquarks and m gluons. M m in 
is calculated using Aqcd = 0.1 GeV and M max using 
Aqcd = 0.3 GeV. All cases considered here are for 1 = 0. 



(nQ)(mG) 




■Mm ax 


(2Q)(1G) 


0.877 


2.631 


(4Q) 


0.994 


2.981 


(2Q)(2G) 


1.109 


3.326 


(4G) ; (4Q)(1G) 


1.223 


3.668 


(6Q) ; (2Q)(3G) 


1.335 


4.006 


(4Q)(2G) 


1.448 


4.343 



B. Mesons in an improved Hard Wall model. 



Consider equation JT3J) with Ao = 3. 

[z 2 d 2 -(d-l)zd z + z 2 M 2 -(l-l)(l + 3)]f(z) = 0, (17) 

with normalizablc modes which are given by 

f(z) = z 2 J l+1 (zM). (18) 

The mass spectra are obtained from $(x, zq = 
1/ Aqcd) = 0, and therefore masses are determined by: 



(n) 

QCD> 



(19) 



where /3i+;, n are zeroes of Bessel function that appear in 
1(15)1. and n = 1,2, .... 

A string mode with a node in the z coordinate cor- 
responds to radial excitations, but as we just saw the 
Hard Wall model does not give good results in this case 
without changing Aqcd for every level. 

Nevertheless, values for Aq C£1 can be obtained begin- 
ning with Aq CD , by demanding good Regge behavior. In 
fact, Regge Trajectories as functions of a radial quantum 
number n r (related to n by n r = n — 1) can be described 
by 



M 2 (n r ,l) = An r + M 2 {0,l), 



(20) 



for fixed I. 

An analysis of Regge trajectories for the radial excita- 
tions 3 P2, 3 -Po and 3 -F2 shows that the slope is constant, 
and its value is A = 1.04 ± 0.01 GeV 
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FIG. 2: Spectra of scalar mesons, calculated within an im- 
proved Hard Wall model. The figures correspond to different 
radial excitations. (A) n = 1 (B) n = 2 (C) n = 3 (D) and 
n = 4. 



Using (pD and (J20J) , with A { q ] cd -> A„ we get 
(/? 1+;j „A„) 2 = An r + (/3i,iA!) 2 , 



(21) 



and then 



A„ = 



' An r + (/3i,iAi) 2 



(/3l+/.n) 2 



(22) 



Using Ai = 0.263GeU, which is the value of Aqcd 
used in [||, the other values for A„, calculated for I = 0, 
are 



A 2 = 0.204 GeF, A 3 = 0.173 GeV, A 4 = 0.153 GeV. 

(23) 

Using these values in (fi"9]) allows to obtain the scalar 
mesons masses, which appear in Fig. 2, showing that for 
small values of / the improved model gives good results. 



IV. SPECTRA OF SCALAR HADRONS IN A 
SOFT WALL MODEL. 

Let us consider a Soft Wall model with a dilaton in 
its most general form. In this case equation ((8]) can be 
written as [141 



[d 2 z - {{d z C{z))d z + (M 2 



m\R 2 



)}f(z) = 0, (24) 



where 



C{z) = (d-l)\n(z) + (j){z). 



(25) 



A correct choice of </> should be one which allows to get 
a hadronic spectra consistent with Regge trajectories. A 
usual choice for this function in <t>{z) = Az 2 but 
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a more general choice is <fc(z) — Az 2 + <51n(z) [TJ], and 
then C(z) has the form 

C(z) = Az 2 + B\n(z), (26) 

where B = S + d — 1. 
Using 

f(z) = e i°W^W, (27) 

equation (|24|1 is transformed in a Schrodinger type equa- 
tion 

- dli> + V{z)il> = M 2 i>, (28) 

where 

V( Z )=A(B-l) + B ^ B + 2 l^ R \ A^. (29) 

Where m\R 2 is given by (fl~2|) . The potential in equation 
(|29[) should give a linear spectra in both n and I, and 
for this purpose taking A constant is sufficient. With 
respect to B, it has been shown that in order to get 
good Regge behavior, a dependence on angular momenta 
is necessary [15j , a result which is also present in our 
procedure. A specific form of B, consistent with M 2 ~ 
(n + I + v) for all A , is: 

_ 21 + 3l 2 + 4A - 2/A - Al - 2v + 8lv + Av 2 
~ 2(1 + v) ' 

(30) 

With this value for B we get a spectra given by: 

M 2 = AA(n + I + v). (31) 

In order to determinate A and v, we use the 7r and tt2 
masses. With this we get A = 0.346 GeV 2 y v = 0.0142. 
Results for mesons appear in Fig. 3. 
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FIG. 3: Scalar mesons spectra, calculated using a Soft Wall 
model with A = 0.346 GeV and v = 0.0142. Differents graph- 
ics correspond to diferents radial excitations, (A) n = 0, (B) 
n = 1, (C) n = 3 y (D) n = 3. 



Considering that the slope in Regge trajectories is uni- 
versal, the previous A value can also be used for glueball, 

TABLE III: Glueballs masses for different values of n and I, 
measured in GeV. 



\ 1 

n \ 





1 


2 


3 





1.61 


1.99 


2.32 


2.60 
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1.99 


2.32 


2.60 


2.85 


2 


2.32 


2.60 


2.85 


3.08 


3 


2.60 


2.85 


3.08 


3.30 



and therefore we only need to fix v. For this we use lattice 
values for the lightest glueball [lj|, and find v = 1.873. 
Results for glueballs appear in Table 3. 

As can be seen, different values for v must be given for 
each kind of hadron considered, and therefore we did not 
make a table similar to Table II in this case. 



V. CONCLUSIONS. 

The present work shows how holographic models can 
be applied to the general problem of calculating hadronic 
spectra, considering even exotic hadrons and hybrids. 
These were excluded in previous works based on Hard 
and Soft Wall models, centered exclusively up to now on 
glueballs, mesons and barions [1, 0j S B 0, II] ■ 

In relation to the parameters of the dilaton field in a 
Soft Wall model description, it is important that B de- 
pends on angular momenta in order to get a good Regge 
behavior, which is already present in (|30p . This feature 
has also been mentioned in [l5j . 

At this moment, since the few parameters must be 
fixed by experimental information, it is not possible to 
make precise predictions, but we can establish a range 
for the masses, depending on a range for these parame- 
ters. In Hard Wall models the parameter is Aqcd, for 
which a range of typical values is known. This allows 
us to get a range for the possible masses. In principle 
for Soft Wall models we can do the same, but the lack 
of knowledge about the v values does not allow to get a 
range for masses in this case. 

One interesting consequence of this approach is that 
there must exist a maximum number for valence con- 
stituents inside hadrons. 
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